Sur un probl eme inverse g eom etrique non lin eaire de type Signorini
Introduction
This work is devoted to the study of an inverse geometrical problem, which consists in nding the shape of an unknown part of the boundary @ of a two-dimensional body . The two extremal points of the unknown boundary are supposed to be known, and boundary conditions of Signorini type are prescribed on . In the elasticity framework, the direct problem modelizes states of equilibrium of a linear elastic body, the part of its boundary being supported by a non deformable friction-free surface.
The practical motivation of this work is related to non destructive control processes. Using steady thermal, electrical, or elastic measurements, the governing state equation (or system) is elliptic (Laplace equation, or Lam e system. Our interest is focused on uniqueness and stability questions. Uniqueness is a crucial point in this kind of problems, since it informs us us if a single measurement (or a nite number of them) is enough to insure the identi ability.
Many theoretical studies have been performed for the similar problem of conductivities identi cation. Kohn & Vogelius 14] established rst in 1985 the uniqueness, with in nitely many measurements (that is the whole Neumann-Dirichlet operator), for inclusion domains with analytical boundaries, while Isakov 10, 1988] proved later the same result for Lipschitz boundaries. But the most interesting results, for practical purposes, will come later on, when uniqueness is proved for a single measurement, or at least for a nite number of them. Bellout & Friedman 4, 1988] , Alessandrini ( 1, 1988] ), Isakov 10, 1988 Section 2 is devoted to uniqueness (identi ability) questions, in the thermal framework, as well as in the elasticity framework. In the third section, we deal with stability questions. A local Lipshitz stability result is proved, under the assumption that the boundary be part of some C 1; Jordan curve for some > 0, by using domain derivative techniques, as well as arguments related to analytical functions theory.
Identi ability
Let denote a 2D or 3D domain occupied by the body, and @ its boundary, that we shall divide in three parts as shown in Figure 1 :
where is the unknown part, ? N the part where the uxes used for the measurements are prescribed, and ? D the part where an homogeneous Dirichlet condition is prescribed in order to get a well-posed direct problem. The associated variational formulation of such an elliptic inequation, as well as the existence and uniqueness of the solution, are well known (see for example 9, 1976] ). Let us brie y recall two equivalent formulations of problem (1) :
where K is the closed convex set of H 1 ( ) de ned by : 
The direct problem is then the following : 
where g is a prescribed load on ? N ( g 2 (H ? 1 2 (? N )) 2 and g 6 0 on ? N ).
It is well known that the solution of (7) is unique (see for example 13, 1988] ), and the associated variational formulations are similar to (2) and (3), where the convex set K is de ned as follows : K = fv 2 (H 1 ( )) 2 ; v = 0 on ? D and v:n 0 on g
We can then settle the identi ability result exactly in the same way than for thermal testing (theorem 1). Its proof works also the same way, except it uses Almansi's lemma, which generalises Holmgren's theorem to elliptic systems 17].
Remark : Although they were formulated in 2D situations, these identi ability results extend without di culty to 3D.
3 Stability.
In this section, problem (1) is again considered. The overspeci ed data on the open set M of the boundary @ have been obtained by measurements, and are thus subject to errors. The stability means, roughly speaking, that small errors on the measurements lead to small perturbations on the unknown geometry. To formalize this idea, let us consider a set ? ad of admissible geometries, and the mapping de ned, the identifying ux of the previous section being given, by :
The identi ability result proved in the previous section means that this mapping is one-to-one, and therefore, that the mapping :
is invertible. The stability will be established if one proves, after having equipped ? ad with an appropriate topology, that ?1 is continuous. But this might be not su cient for numerical purposes. This is the reason why we shall be focusing our attention on Lipschitz stability, even if the results expected hold only locally. We shall be using for that the derivatives with respect to the domain as a basic tool.
Derivatives of the solution with respect to the domain
To prove local stability results, we need to map an admissible boundary onto another one, close to it. Following Murat-Simon 16], we shall use mappings from the whole domain onto h , de ned as follows : (10) and let u h be its \transported" on the original domain , also denoted :
Denoting by u 0 the solution u of problem (1), we can de ne a partition of the unknown boundary into two parts : a \Dirichlet" part D on which the boundary condition u 0 = 0 is ful lled, and a \Neumann" part N = n D . Then :
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and therefore : The following expansion result is due to J. Sokolowski & J.P. Zolesio 20, 1982] .
Theorem 2 (Sokolowski-Zolesio) The scalar eld u h can be expanded as follows : = on ? N ), and by the subscript D the solutions of problems with the measured temperature as prescribed Dirichlet boundary value (i.e. uj M = f). The solution of the Signorini direct problem (1), with the prescribed ux , will then be denoted u N , or u 0 N , and its derivative with respect to the domain u 1 N . The solution of the Signorini problem with prescribed ux on the perturbated domain h will be denoted u hN , while its \transported" on the original domain is u h N . At this point, we have also to make it clear that we denote by the unknown boundary, without its extreme points, so that it is an open subset of @ .
Some preliminary technical results
The proof of the local Lipschitz stability result is somewhat technical, and needs some additional light to be thrown on the topological features of the partition ( D ; N ) of the unknown boundary . The desired result would be that the sets D and N de ned by (12) and (13), be also characterized -up to neglectible sets -as follows : As far as such possibility is not excluded, the best we can expect in characterizing these sets is the following. (t n ; 0) = ' ?1 (x 0 ) rw(t n ; 0) = 0 8 n N (t n ; 0) 6 = ' ?1 (x 0 ) (22) w is the real part of an holomorphic function h in s 1 . According to the Cauchy-Riemann conditions, the imaginary part's gradient of such a function will also vanish in (t n ; 0) for all n N. This means that, inside the domain s 1 , the zeros of h 0 (z) are not isolated, which is not possible since h 0 is holomorphic in this domain. The proof ends therefore exactly as for the linear case, by using Green formulae and lemma 3 2].
INRIA
Theorem 3 Assume the unknown boundary be part of a C 1; Jordan curve, for some > 0. Then, N is an open subset of , and D a closed one, the interior of which is -up to a neglectible set -the following
The nal stability result
We are now able to prove the nal Lipschitz stability result.
Theorem 4 (Lipschitz stability) Suppose ful lls (8) and n 6 0 on . Then, denoting u hN j M by f h , we have : lim
Proof : According to the expansion (15), (30) is equivalent to the following : On the other hand, we also know that u 1 N is solution of : We are now going to construct a special family of functions v, ful lling the conditions of lemma 5, in order to achieve the proof of the theorem. Up to a local map, the \interval" # x 0 can be identi ed to ]0; 1 . Then, given two positive real numbers c and ", it is possible to construct a family of functions Second situation : # 6 . We can suppose as well that # = .
In this situation, the regularity results are helpless, since they do not hold up to @ . To prove the following 
The assumption on 0 n ( (0)) = 0 is used here to get n ( (")) = "o(") ; lim is also vanishing on #, the Holmgren's theorem gives the nal argument to conclude, which ends the proof of the theorem.
Conclusion
The inverse problem with unilateral boundary conditions for the Laplace equation is clearly not of great physical interest. However, most the theoretical di culties expected in more realistic situations (namely the inverse elastic problem, or the coupled thermoelastic one), are as well gathered in the present \model" problem, which makes its study of great interest.
The identi ability uses classical tools : the Holmgren's continuation theorem, and variational arguments. As for Lipschitz stability results, they are also based on the Holmgren's theorem, and use INRIA as a basic tool the derivatives with respect to the domain. However, serious di culties arise from the possible lack of connectivity of parts ( D ; N ) the unknown boundary de ned by the Signorini solution :although this latter is smoother than the solution of the related mixed linear problem, the possibility that ( D n D ) be some closed set of positive measure and void interior, such as a Cantor p-adic set, could not be excluded. In such a situation, the Holmgren's theorem is no more the \magic" straightforward tool we are used to in the linear situations. The conditions for its nal use have to be patiently built up, by using sharp informations on the structure of the Signorini solution on the unknown boundary, backed with arguments coming from the analytical functions theory. The Lipschitz stability result proved this way is hence limited to 2D situations, although an extension to 3D might be not excluded.
The development of an appropriate identi cation algorithm, which is the aim of a forthcoming work currently in progress, will also be facing di culties similar to those encountered above, particularly when di erentiating the cost function. The present work provides useful tools to overcome them.
